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Abstract
Geometric σ-models are purely geometric theories of scalar fields coupled to
gravity. Geometrically, these scalars represent the very coordinates of space-
time, and, as such, can be gauged away. A particular theory is built over
a given metric field configuration which becomes the vacuum of the theory.
Kaluza-Klein theories of the kind have been shown to be free of the classical
cosmological constant problem, and to give massless gauge fields after dimen-
sional reduction. In this paper, the consistency of dimensional reduction, as
well as the stability of the internal excitations, are analyzed. Choosing the
internal space in the form of a group manifold, one meets no inconsistencies
in the dimensional reduction procedure. As an example, the SO(n) groups
are analyzed, with the result that the mass matrix of the internal excitations
necessarily possesses negative modes. In the case of coset spaces, the consis-
tency of dimensional reduction rules out all but the stable mode, although





Geometric -models have originally been proposed as an attempt to explain the pure
geometric origin of fermionic matter. Indeed, it has been shown in [1] that scalar matter can
be coupled to gravity in such a way that two goals are achieved. First, the theory possesses
a kink solution with topologically nontrivial scalar sector which allows for the fermionic
type of quantization. Second, using dieomorphism invariance, all the scalar elds can be
gauged away giving the theory a purely geometric form. The possibility of geometrizing
fermionic matter has a solid basis in the early work of Finkelstein and Rubinstein [2] who
realized the role of multiply-connected conguration spaces for the existence of fermions.
An example of the kind is the conguration space of four-dimensional gravitational kinks of
Finkelstein and Misner [3]. Its double-connectedness enables the existence of double-valued
wave functions but, unfortunately, it is in no way related to the spin of the system. The
Ref. [1], however, uses as its role model the ’t Hooft-Polyakov monopole solution of the
SO(3) gauge theory spontaneously broken to U(1) by a Higgs triplet [4]. It has been shown
[5] that these monopoles admit both half-integer spin and fermion statistics in the sense
of Finkelstein and Rubinstein. The necessary multiple connectedness of the conguration
space, however, stems from the Higgs triplet exclusively, and is not directly related to the
gauge elds. Using this idea, the same goal has been achieved in [1] by identifying the
coordinates of space-time with the components of a set of scalar elds. The resulting theory
has a form of a nonlinear -model coupled to gravity, and necessarily possesses a solution
very much similar to the ’t Hooft-Polyakov monopole. The dierence is that the scalar
elds of this solution have a pure geometric meaning|they are just the coordinates of our
space-time, and can be gauged away.
The actual procedure of constructing geometric -models begins by specifying a xed
metric eld conguration
o
gµν which later becomes the vacuum of the theory. The dynamics
is chosen from a variety of possibilities. The simplest one is given by the Einstein like
equations of the form Rµν =
o
Rµν , where the xed function
o
Rµν stands for the Ricci tensor
of the vacuum metric
o
gµν . These are the non-covariant eld equations whose non-vanishing
right-hand side actually defines matter, and which, by construction, possess the classical
solution gµν =
o
gµν . The covariantization of the theory is achieved by employing a new set
of coordinates, say Ωi = Ωi(x), to x the Ricci tensor on the right-hand side. Then, the
equations of motion take the form of a nonlinear -model coupled to gravity, with the scalar
sector consisting of as many scalar elds Ωi(x) as the number of space-time dimensions. By
choosing the gauge Ωi = xi, the eld equations are brought back to their non-covariant but
purely geometric form Rµν =
o
Rµν . The multiple-connectedness of the conguration space is
a consequence of the topologically nontrivial one-to-one mapping Ωi = xi.
The idea of geometric -models has further been developed in [6], and applied to Kaluza-
Klein theories. Using the fact that geometric -models are built over freely chosen ground
states, one can build a Kaluza-Klein theory of the kind by specifying the vacuum geometry
in the form of the direct product of the 4-dimensional Minkowski space M4 with the internal
d-dimensional space Bd. The resulting theory will necessarily posses the classical solution
M4  Bd, and, therefore, be free of the classical cosmological constant problem. An action
functional of this kind has already been discussed in literature. The authors of Refs. [7] and
[8] have employed scalar elds in the form of a nonlinear -model to trigger the compacti-
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cation, but failed to obtain massless gauge elds. In [6], however, this problem has been
solved by abandoning the simple dynamics given by RMN =
o




the functions on the right-hand side standing for the Ricci tensor of the Kaluza-Klein vacu-
um metric
o
GMN of the needed form M
4  Bd. Owing to the non-covariant form of the
above equations, the two respective theories are inequivalent. When modied by adding
terms proportional to (GMN −
o
GMN), the equations of motion allow for the construction of
a simple Lagrangian. It is this Lagrangian which will be the subject of our analysis in the
subsequent sections.
The lay-out of the paper is as follows. In Section II, we shall dene our model, and
analyze its symmetry properties. The theory turns out to have a gauge symmetry bigger
than pure dieomorphism invariance. Owing to this, we shall be able to demonstrate how
the gauge xing of the complete scalar sector still leaves us with the standard 4-dimensional
gauge invariance. The basic results of Ref. [6] are then recollected with the emphasis on the
unsolved stability problem. In Section III, we shall study some consistency aspects of the
dimensional reduction procedure. In particular, the Lagrangian constraints of the theory are
recognized in the gauge xed matter eld equations, and their response to the dimensional
reduction ansatz is analyzed. In the case of Bd = S2, we shall nd that all ve unstable
modes [6] are ruled out by the consistency requirements. On the other hand, choosing Bd in
the form of a group manifold is shown to be consistent with the complete set of equations
of motion. In Section IV, we shall calculate the mass matrix of the internal excitations of
the SO(n) group manifolds, with the result that all of them contain negative modes.
Section V is devoted to concluding remarks.
II. LAGRANGIAN AND SYMMETRIES
The model we are going to explore consists of Einstein gravity in 4+d dimensions coupled











GMN − V (Ω)
]
: (2.1)
The target metric FAB(Ω) and the potential V (Ω) are dened through





R(X) stand for the vacuum values of the Ricci tensor and scalar cur-
vature, respectively. As explained in the introduction, the vacuum metric
o
GMN is xed in
advance, and we choose it to be the direct product of the 4-dimensional Minkowski space








Here, mn(y) stands for the metric of B
d, and the coordinates XM  (xµ; ym) are decom-
posed into 4-dimensional xµ, and internal ym.
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The theory given by (2.1) diers from the conventional -models by employing the inverse
of ΩA, M rather than Ω
A
, M itself. We shall see, however, that this non-polynomial dependence
on the scalar eld derivatives is a pure gauge, and can easily be removed. This is why we
postpone the inspection of the full set of eld equations until the symmetry analysis is done.




A = XA (2.3)
is easily checked to be a solution of the equations of motion. It illustrates the geometric origin
of the scalar elds ΩA(X), and is a consequence of the construction procedure described in
[6].
The covariant form of the action functional (2.1) tells us that our theory is invariant
under general coordinate transformations XM ! XM + M(X). The scalar elds ΩA and
the metric GMN transform in the usual way:
ΩA
′
= ΩA − MΩA, M ; G′MN = GMN − L, M GLN − L, N GLM − LGMN, L ; (2.4)
where M(X) are arbitrary functions of all 4+d coordinates. The full symmetry of the action
is, however, not exhausted by the general coordinate transformations. Owing to our special
choice of the vacuum metric
o
GMN , the corresponding Ricci tensor
o
RMN is block diagonal
with
o
Rmn(y) the only non-zero components. This means that our target metric F AB(Ω) and
the potential V (Ω) are independent of Ωµ, and that only F mn components survive in (2.1).
If, in addition, we choose our internal space Bd to be symmetric, with m Killing vectors




= Ωµ + µ(Ων) ; Ωm
′
= Ωm + a(Ων) Kma (Ω
n) (2.5)
where µ and a are arbitrary functions of Ωµ. When applied to small excitations of the
vacuum, let us say
ΩA(X)  XA + !A(X) ;
the scalar part of the transformation laws (2.4) and (2.5) takes the form
!µ
′
= !µ + µ(x)− µ(x; y) ; !m′ = !m + a(x) Kma (y)− m(x; y) : (2.6)
We see that it is possible to x the gauge !A = 0, or equivalently
ΩA(X) = XA ; (2.7)













The gauge condition (2.7) constrains our gauge parameters to satisfy
µ(x; y) = µ(x) ; m(x; y) = a(x) Kma (y) : (2.9)
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Therefore, the gauge xed theory (2.8) is still invariant under the restricted general coordi-
nate transformations, as given by (2.9). Notice that this is exactly the form of symmetry
obtained in the standard Kaluza-Klein treatments. Owing to this, the eective 4-dimensional
theory will have the well known structure of a non-Abelian Yang-Mills theory coupled to
gravity.
Let us now recollect the basic results of Ref. [6]. The equations of motion obtained by














and coincide with the gauge fixed equations of motion of the covariant action (2.1). Indeed,












RLM, A GLM −
o
R , A = 0 (2.11)
when the gauge condition (2.7) is imposed, and are easily shown not to be independent
equations of motion. Instead, they follow from the Bianchi identities applied to (2.10), and
represent the standard constraint equations of generally covariant theories. Now, we see that
the vacuum metric
o
GMN is an obvious solution to the equations of motion. When chosen in
the form (2.2), it gives the Kaluza-Klein theory free of the classical cosmological constant
problem.













where gµν and umn are further decomposed as
gµν = µν + hµν ; umn = mn + ’mn : (2.13)
The internal manifold Bd is supposed to be a homogeneous space with m Killing vectors
K la(y) which form a (generally overcomplete) basis in B
d. By projecting the metric compo-





ν ; ’mn = KamKbn ’
ab ; (2.14)
we obtain the set of eld variables suitable for dimensional reduction. The Latin indices
m,n,... are raised and lowered by the internal vacuum metric mn. The dimensional reduc-
tion ansatz is dened through the constraints





ab = ’ab(x) : (2.15)
This ansatz is applied to the linearized eld equations (2.10) which are then averaged over
the internal coordinates. To simplify the analysis, we choose our internal space to be an
Einstein manifold
o
Rmn =  mn
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with  < 0 in accordance with the adopted conventions ( RMNLR = Γ
M
NL,R −    ,






µν ’ = O(2) ; (2.16a)
γab @νF
bµν = O(2) ; (2.16b)
abcd2’
cd + abcd ’
cd = O(2) : (2.16c)
Here, Rµν is the Ricci tensor of the metric gµν , 2 is the corresponding d’Alembertian,
and F aµν  Aaµ, ν − Aaν, µ + O(2) is the gauge eld strength for the gauge elds Aaµ. The
coecients in (2.16) are expectation values of products of the Killing vectors and their
covariant derivatives, as explicitly shown in [6]. In particular,
γab  hKma Kbmi




’ = O(2) : (2.17)
independently of the choice of the Einstein manifold Bd. We see that the conventional choice
 < 0 ensures the correct sign for its mass term. As for the rst of the equations (2.16), it







gµν + O(2) :
The classical linear stability of our eective theory rests upon the signature of the mass
matrix abcd . Unlike their trace mode, the traceless components of the scalar excitations
’ab have masses which depend on the particular choice of Bd. In the case of Bd = S2, for
example, it has been shown in [6] that all ve traceless modes have the same negative mass
square equaling 4λ
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. In the subsequent sections, we shall try to clarify some consistency
aspects of the search for a stable internal manifold Bd.
III. DIMENSIONAL REDUCTION
The spectral analysis of Kaluza-Klein theories, especially in the internal sector, crucially
depends on the consistency of the dimensional reduction ansatz. The constraints (2.15), as
all the other constraints in our theory, should be preserved in time when governed by the
eld equations (2.10). In addition, the new constraints (2.15) should be compatible with the
ones already present in the theory, such as (2.11). This means that no further reduction of
the number of degrees of freedom is expected. To see how this works, we shall rst rewrite
the constraint equations (2.11) for our special case of the vacuum metric M4 Bd, with Bd












 ln GlM +
1
2
 ln, M Gln = 0 ; (3.1)
with Glm = ulm, Glµ = B
k
µ ukl and G = gu, as follows from the decomposition (2.12). It is
not dicult to check the eect of dimensional reduction on the constraints (3.1). When the




























Bmµ = 0 : (3.3)
As we can see, the rst of the above equations implies the second, and, consequently, it is
only the constraint (3.2) we shall be occupied with in what follows. Remember that the
variables ’mn and B
n
µ have the dimensionally reduced form (2.14), with K
m
a (y) the Killing
vectors of the symmetric space Bd, and y-independent related coecients. To make use of













n +    ;
one immediately nds the constraint (3.2) to lack the linear part. Explicitly,




de + a $ e ]’ab’cd = O(3) ; (3.4)
where f cab are the structure constants of the isometry group of B
d, as dened by
Kma K
l
b , m −Kmb K la , m =  f cab K lc : (3.5)
The parameter  has the dimension of the inverse length, and is introduced to make the
structure constants f cab dimensionless. The expression in square brackets has a generic
nontrivial y-dependence. This means that, depending on the particular Bd, the number of
y-independent elds ’ab(x) may strongly be reduced. For example, in the case of a two-
sphere, one finds that (3.4) forces all but the trace component of ’ab to vanish. This is
why we have to be careful with the interpretation of the results involving the non-vanishing
traceless components of ’ab. An example of the kind is the result of Ref. [6] which states
that Bd = S2 eective 4-dimensional theory has unstable traceless modes in the scalar
sector. Now, we see that the reliability of this result is ruled out by the inconsistency of the
dimensional reduction used in its derivation. The trace mode alone, however, is consistent
with (3.4), and has positive mass square. In fact, the scalar excitations of the form
’mn  ’(x) mn(y) (3.6)
satisfy the constraints (3.2) in all orders and for any choice of the internal manifold Bd. This
is, however, not enough to ensure the full consistency of the ansatz (2.15) supplemented by
(3.6). Apart from the compatibility with the constraints of the theory, one should also check
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if the ansatz is preserved in time when governed by the full set of eld equations. In linear









h lµν; l = O(2) ; (3.7a)
F µνn , ν + (B
µ
l ;n + B
µ
n ; l)
; l − hµν, νn +
3
2
(h + ’), µ, n = O(2) ; (3.7b)
2’mn − 2 ’mn − 2
o
Rkmln ’




+ 2 (’ + h);mn − (Bµm ;n + Bµn ;m), µ = O(2) ; (3.7c)
where F lµν  Blµν −Blνµ +O(2), h  hµµ and ’  ’mm . In addition, the linearized constraints
(2.11) read
Bnµ ;n = O(2) ; (’ + h);m + 2 ’
n
m ; n = O(2) : (3.8)
Now, it is easy to see that the ansatz dened by (2.15) and (3.6) brings the eld equations
(3.7) into a form free of y-dependent coecients. Hence, the linearized theory can consistently
be reduced to four dimensions, and the resulting eective theory turns out to be stable against
small fluctuations of the vacuum. The inclusion of the interaction terms, however, spoils the
nice character of this result. Although the linear part of the eld equations (2.10) contains
no y-dependent coecients, the higher order terms do. The restriction (3.6) then produces
additional, unphysical constraints in the theory. Therefore, the correct treatment of the
generic internal excitations must take care of their full y-dependence. This is, in particular,
true for the internal manifolds which have the form of coset spaces. The full harmonic
analysis of higher dimensional geometric -models will be done elsewhere. Here, we turn
our attention to group manifolds.
When our internal manifold is chosen to have the structure of a semi simple Lee group,
the Killing vectors K la(y) , a = 1; :::; d , form a non-degenerate basis in B
d. It holds then,
mn = Kma K
n
b γ
ab ; Kma K
n







is the Cartan metric of the group, and f cab are the corresponding structure constants. We
shall use mn and γab to raise and lower the world and group indices, respectively. If we
now apply the ansatz (2.15) to our constraint equations (3.1), and analyze the resulting
expression (3.4), we shall nd that it is identically satised. Therefore, no further reduction
of the number of degrees of freedom occurs. We do not need the additional constraint
(3.6), and this holds true in all orders, as is seen by the inspection of the non-perturbative
expression (3.2). Similarly, one can analyze the very equations of motion. By projecting





ab(x) , with the coecients consisting of d-scalar combinations of the










Therefore, the Killing vector derivatives are fully expressed in terms of the Killing vectors
themselves. Being d-scalars, the coecients of our eld equations boil down to completely
contracted products of the Killing vectors. It follows from (3.9) then that these coecients
contain only constant group tensors γab and f
c
ab . The resulting eld equations have no
y-dependent coecients, and we conclude that dimensional reduction of group manifolds is
a consistent procedure.
We now want to analyze the mass spectrum of the corresponding eective 4-dimensional






µν ’ = O(2) ; (3.12a)
F µνa , ν = O(2) ; (3.12b)
2’ab + abcd ’
cd = O(2) : (3.12c)





γabγcd − f eac fbde
)
: (3.13)










f eab fcde :
The rst two equations (3.12) describe the well known Einstein and Yang-Mills sectors of
the theory, and will not be examined further. The stability of the Klein-Gordon sector,
however, crucially depends on the signature of the mass matrix abcd, and, thus, on the
particular group considered. One immediately sees, for example, that 3-dimensional groups
necessarily carry negative modes. Indeed, owing to fabc  "abc and γab  ab, the traceless
modes of ’ab are easily seen to have negative mass terms. In particular, the groups SU(2)
and SO(3) dene unstable theories. Similarly, the group SO(4), being locally isomorphic to
SU(2)  SU(2), gives an equally unattractive result. In the next section, we shall analyze
the spectrum of the generic SO(n) groups.
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IV. SO(N) GROUP MANIFOLDS
The SO(n) group generators are commonly denoted by Mij  −Mji , i; j = 1; :::; n , and
are subject to the commutation relations
[ Mij ; Mkl ] =

2
f mnijkl Mmn ; (4.1)
with




l] − m $ n
)
: (4.2)
In this section, the indices i; j; ::: are taken to run from 1 to n, and should not be confused
with internal indices of the preceding sections. The group indices a; b; ::: are seen as anti-
symmetric pairs of indices i; j; ::: . In accordance with (3.10), the Cartan metric of the group




i[k jl] : (4.3)
Our task in this section is to analyze the mass spectrum of the scalar sector of the theory,
as given by (3.12c). To this end, we shall decompose the variables ’ab  ’ijkl ( a ! ij ,
b ! kl ) into irreducible components which diagonalize the mass matrix (3.13). Thus, we
obtain
’ijkl = ~’ijkl +
4
n− 2 [i[k ~’j]l] +
2
n(n− 1) [ik j]l ~’ ; (4.4)
where ~’ijkl and ~’ij = ~’ji are traceless, and
~’ij  ’ij − 1
n
ij ~’ ; ’ij  kl ’ikjl ; ~’  ij ’ij : (4.5)
The traceless component ~’ijkl is still reducible, and can further be decomposed into totally
antisymmetric part and the rest:
~’ijkl = Aijkl +
2
3




( ~’ijkl + ~’iklj + ~’iljk) ; Sijkl  1
2
( ~’ikjl + ~’iljk) : (4.7)
The quantity Aijkl is totally antisymmetric, while Sijkl, in addition to being traceless and
symmetric with respect to i $ j , k $ l and ij $ kl , satises the cyclic identity
Sijkl + Siklj + Siljk = 0 :
The components ~’ , ~’ij , Aijkl and Sijkl are irreducible components of ’ijkl . The dimensions




















respectively. Their sum gives the total number of 1
2
d(d + 1) independent components ’ab ,
where d = 1
2
n(n− 1) for SO(n) group manifolds.
Now, we shall apply the decomposition (4.4), (4.6) to the Klein-Gordon sector of the
eld equations (3.12). We have already seen that the trace component ’  ’aa has positive
mass square independently of the choice of Bd. Indeed, our ~’, being proportional to ’, is





~’ = O(2) ; (4.8)
with   −1
2
2 ensuring the correct sign of the mass term. A similar result is obtained
for the totally antisymmetric irreducible component Aijkl . The cumbersome, but otherwise





Aijkl = O(2) : (4.9)
The content of these equations is nontrivial only for n > 3 because the totally antisymmetric
Aijkl otherwise vanishes. Therefore, the corresponding mass term is positive in all nontrivial
cases.
This is not quite so in the case of ~’ij components. Evaluating the mass matrix (3.13)
for the SO(n) structure constants (4.2), and diagonalizing it by (4.4), one nds
(
2− 2 n− 4
n− 2
)
~’ij = O(2) : (4.10)
We see that SO(3) group manifolds contain 5 unstable modes in the Klein-Gordon sector,
which restrains us to consider only n  4 cases. The stable massive modes, having masses of
the order of the Planck mass, do not appear in the eective low energy theory. An exception
is the SO(4) theory which accommodates 9 zero-mass modes. In any case, the irreducible
components ~’ , ~’ij and Aijkl are all stable if n  4.






Sijkl = O(2) : (4.11)
As we can see, the mass term of (4.11) is negative in all nontrivial cases. The SO(3) theory,
which does not accommodate either Aijkl or Sijkl modes, is ruled out by the presence of
unstable ~’ij components in (4.10). Therefore, neither of SO(n) group manifolds can be used
as a stable internal space of our Kaluza-Klein geometric -model.
One could try to improve this situation by imposing additional constraints (such as
Sijkl = 0) to the theory. However, losing kinetic terms for some eld components can
lead to the appearance of new, unphysical constraints stemming from the interaction part
of eld equations. Moreover, even if we nd a consistent set of constraints to dene our
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dimensional reduction, we cannot be sure how innitesimal perturbations of the ansatz itself
aect the whole scheme. In other words, not only the consistency, but also the stability of the
dimensional reduction prescription is needed. To be more specic, if the constraints (2.15)
are perturbed by adding small y-dependent terms, these may evolve to considerably change
the initial ansatz. To prevent this, one must take into consideration the full y-dependence
of the theory. Only the complete (4 + d)-dimensional stability of the vacuum can lead to
a correctly reduced eective theory. Once the masses of all higher dimensional excitations
are proven positive, the eective theory is obtained by discarding heavy mass modes. The
influence of higher modes in the harmonic decomposition of elds in Kaluza-Klein -models
will be considered elsewhere.
V. CONCLUDING REMARKS
The analysis of the preceding sections has mainly been devoted to the consistency of
dimensional reduction of higher dimensional geometric -models. The motivation came
from the failure of Ref. [6] to provide an example of a stable M4Bd vacuum of the theory.
In particular, the excitations of the internal manifold S2 were shown to possess unstable
modes. In this paper, the search for a stable Bd has been required to respect a consistent
scheme of dimensional reduction. With this in mind, the constraints of the theory were
analyzed in detail in Section III. When dimensionally reduced, these constraints have been
shown to conne the number of independent excitations of a generic internal manifold Bd.
In particular, the consistently reduced M4  S2 theory turned out not to accommodate the
traceless scalar excitations of the vacuum. The trace mode alone, however, has been proven
stable independently of the specic Bd used. The restriction of the internal excitations to
their trace mode has also been shown to respect the full set of linearized eld equations.
Unfortunately, the inclusion of higher order terms leads to the appearance of new, unphysical
constraints in the theory, which brings us to the conclusion that the correct treatment of
generic vacuum excitations must take care of their full y-dependence. In the last part of
Section III, we have analyzed the role of group manifolds in dening the internal spaces of
our Kaluza-Klein geometric -models. It has been demonstrated how the full interactive
theory can be consistently reduced to 4 dimensions.
In Section IV, we have examined the example of a generic SO(n) group. Decomposing
the scalar elds ’ab into their irreducible components, the mass matrix of the Klein-Gordon
sector of the theory has successfully been diagonalized. It turned out, however, that no
SO(n) group led to a positive denite mass matrix.
The solution of the problem could hardly be found in additional restrictions of the theory
(such as rejecting the unstable modes), since losing some of the modes usually leads to the
appearance of new, unphysical constraints. It has been argued that it is not enough to have
a consistent set of constraints which dene dimensional reduction, but also that the eective
theory should be stable against small perturbations of the ansatz itself. In this respect,
having found a group manifold leading to a stable 4-dimensional theory, one is still left with
the task to check the influence of higher harmonics. Only the full higher dimensional stability
of the vacuum can lead to a correctly reduced eective theory. The harmonic analysis of
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